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Abstract
This contribution is a review of recent developments regarding the
Skyrmion sector of higher representation QCD. This review is mostly
based on the results of [1, 2, 3].
Ordinary QCD is a SU(n) gauge theory with nf Dirac quarks in the
fundamental representation. Changing the representation of quarks leads
to different and interesting theories, which are not as well studied as or-
dinary QCD. In order to be able to have a consistent asymptotically free
large n limit, we must limit ourselves to three cases: two-index represen-
tation (symmetric or anti-symmetric) and adjoint representation. We call
the first two “orientifold QCD (S/A)” and the last one “adjoint QCD”.
Skyrmions of the low-energy effective Lagrangian shall be the main
subject of this review. There are puzzling aspects, both in orientifold
and adjoint QCD, regarding the identification of the Skyrmion and its
quantum stability, that have not yet been understood. We shall explain
these problems and the solution we proposed for them.
The first part is dedicated to the two-index (S/A) representation. Here
the challenge is to identify the correct particle in the spectrum that has to
be identified with the Skyrmion. It turns out not to be the simplest baryon
(as in ordinary QCD) but a baryonic state with higher charge, precisely
composed by n(n ± 1)/2 quarks. Although not the simplest among the
baryons, it is the one that minimizes the mass per unit of baryonic charge
and thus is the most stable among them.
The second part is devoted to the quarks in the adjoint representation.
The task here assume a different perspective. We still have a Skyrmion,
but we do not have a baryon charge, like in ordinary QCD. An important
role is now played by a massive fermion that must be considered in the
low-energy effective Lagrangian. Through this fermion, the Skyrmion
acquires an anomalous fermionic number (−1)F and, as a consequence,
an odd relationship between the latter and its spin/statistic. This implies
a Z2 stability of the Skyrmion.
* bolognesi@physics.umn.edu
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1 Introduction
This is a story about large n, Skyrmions, and baryons.
The large n expansion is a major tool in the study of strongly coupled SU(n)
gauge theories [4]. In double line notation, gluons are represented by two lines
with opposite oriented arrows while quarks, if in the fundamental representation,
are represented by a single oriented line. Every Feynman diagram corresponds
to a certain topological oriented surface with a certain number of handles and
holes. Holes correspond to quark loops. Every handle suppresses the diagram
by a factor of n−2 and every hole by a factor of n−1. The large n limit is thus
dominated by diagrams with only planar gluons, and fermion quantum effects
are present only in the subleading orders.
In ordinary QCD (quarks in the fundamental representation), of particular
interest for what follows are the baryons, whose gauge wave function is
ǫα1...αn Q
α1 . . . Qαn . (1)
It is a gauge singlet completely antisymmetric under the exchange of any two
quarks. The antisymmetric property of the gauge wave function (1), and the
fermionic nature of quarks, implies that the spatial wave function is symmetric
under the exchange of quarks. In the large n limit, the baryon can be approx-
imated as a system of free bosons confined in a mean potential. The mass of
this Bose-Einstein condensate scales like the number of particles n. In the large
n limit, it can be identified with the solitons of the chiral effective Lagrangian
[6, 8].
Recently, another kind of theories has received considerable attention. This
is the case of quarks in the two-index, symmetric or antisymmetric (S/A), rep-
resentation. Armoni, Shifman and Veneziano have shown that a theory with
nf Dirac quarks in the two-index S/A representation is equivalent, in a certain
bosonic subsector and in the large n limit, to a theory with nf Weyl quarks
in the adjoint representation [10]. Particularly interesting is the antisymmetric
representation since it can be used to reproduce QCD at n = 3. This equivalence
becomes particularly useful when nf = 1 since the theory with one fermion in
the adjoint is N = 1 super Yang-Mills and some non-perturbative results are
known about it.
The large n limit with a fixed number of quarks in the fundamental repre-
sentation has the disadvantages that all the quantum corrections due to quark
loops vanish as 1/n. For example, the η′ mass vanishes like 1/n since its value
comes only from the axial U(1)A anomaly. That is not true for the large n of
orientifold theories.
If the number of flavors nf is greater than one, the theory under considera-
tion has a chiral symmetry that is spontaneously broken by the quark conden-
sate. The pattern of the chiral symmetry breaking (χSB) is identical to that of
QCD, namely,
SU(nf )L × SU(nf )R → SU(nf )V . (2)
As a result, the low-energy limit is described by the same chiral Lagrangian as
in QCD, with the only distinction that in the case of two-index quarks the pion
constant Fπ scales as
F 2π ∼ n2 , (3)
while in QCD it scales like F 2π ∼ n.
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As was noted in [11], this seemingly minor difference leads to a crucial con-
sequence. In both theories there exist Skyrmion solitons. The very same depen-
dence of the Skyrmion mass on F 2π in the theory with the two-index antisym-
metric quarks implies that the Skyrmion mass grows as n2 rather than n. At
first sight, this is totally counterintuitive since in this case the simplest baryon
we could imagine is in fact
ǫα1α2...αnǫβ1β2...βn Q
α1β1Qα2β2 . . . Qαnβn , (4)
and just as in QCD, it is a color-singlet from n quarks.
This puzzle, and its solution [1], will be the content of the first part of the
paper. It turns out that if one considers n-quark colorless bound states, not all
quarks can be in the S-wave state, and as a result, the mass of such objects
scales faster than expected. The minimal number of quarks of which one can
build a particle with all quarks in the S-wave state is n(n ± 1)/2. This ∼ n2
quark particle is the stable state described by the Skyrmion. As for the n-quark
particle they are unstable with respect to fusion of n species into one ∼ n2 quark
state, with a release of energy in the form of pion emission.
* * *
The second part of the paper is devoted to the Skyrmion in adjoint QCD. We
will consider nf massless Weyl (or, which is the same, Majorana) fermions in
the adjoint representation of the SU(n) gauge theory. The pattern of the χSB
in this case is
SU(nf )× Z2nnf → SO(nf )× Z2 , (5)
where the discrete factors are the remnants of the anomalous singlet axial U(1).
The low-energy pion Lagrangian is a nonlinear sigma model with the target
space M given by the coset space
Mnf = SU(nf )/SO(nf ) . (6)
For the particular case nf = 2, it is M2 = SU(2)/U(1) = S2. The soliton’s
topological stability is due to the existence of the Hopf invariant or, equivalently,
the fact that the third homotopy group for (6) is nontrivial.
Unlike ordinary and orientifold QCD, where the relationship between the
Skyrmions and microscopic theory is related to the conserved baryon number,
in this case the relationship is far from clear. Is the Skyrmion stability an
artifact of the low-energy approximation? If no, what prevents these particles
whose mass scales as n2 from decaying into “light” color-singlet mesons and
baryons with mass O(n0)? These questions will be our main concern.
We shall find that the Skyrmion is indeed stable, due to an anomalous re-
lation between its spin/statistic and the fermion number. A key role in this
analysis is played by a composite fermion, with mass O(n0) that must be added
to the low-energy effective Lagrangian to have a complete account of the spec-
trum of the theory.
2 Orientifold QCD
We now consider orientifold QCD. It consists of SU(n) gauge theory with nf
Dirac fermions transforming according to the two-index symmetric or antisym-
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metric representation,
L = −1
2
Tr FµνF
µν +
nf∑
f=1
Q
f
(iDµγ
µ −mf )Qf , (7)
where f is a flavor index and the gauge indices are suppressed. The field strength
is Fµν = ∂µAν−∂νAµ+ig[Aµ, Aν ], g is the coupling constant, and the covariant
derivative is Dµ = ∂µ− igAµ. We use the conventions to indicate Q{αβ} a quark
in the two-index symmetric representation while Q[αβ] a quark in the two index
antisymmetric representation. When we write Qαβ, it means that what we are
writing is valid for both representations.
This part is organized as follows. In Section 2.1, we briefly recall some basic
feature of the large n limit. In Section 2.2, we study effective Lagrangian and the
Skyrmion properties. In Section 2.3, we study baryons at large n. In Section 2.4
we find the stable baryons that can be identified with the Skyrmions in the large
n limit. In Section 2.5, we consider some peculiar property of the antisymmetric
representation. Finally in Section 2.6 we discuss the stability of the Skyrmion.
2.1 Large n Limit
In order to have a well-defined large n limit, we take the product g2 n to be
finite. At large n, the theory reduces to an infinite tower of weakly coupled
hadrons whose interaction strength vanishes like n−2. The large n behavior of
orientifold QCD is very similar to that of theories with fermions in the adjoint
representation. The dependence upon the number of colors of the meson cou-
pling can be evaluated using the planar diagrams presented in Figure 1 and
paying attention to the hadron wave function normalization. We will denote
√
n(n± 1)/2
∼ n2 ∼
1
Fpi
∼
1
n
√
n(n± 1)/2
√
n(n± 1)/2
Figure 1: The n dependence of the meson coupling Fpi.
the decay constant of the typical meson by Fπ. Using a double line notation,
the Feynman diagrams can be arranged according to the topology of the surface
related to the diagram. The n powers of the Feynman diagrams can be read
off from two topological properties of the surface: the number of handles and
the number of holes. Every handle carries a factor n−2, and every hole carries
a factor n−1. In the ordinary ’t Hooft limit, where the quarks are taken in
the fundamental representation, the holes are given by the quark loops. In the
higher representation case, quarks are represented by double lines as the gluons
and so there are no holes. The contribution to Fπ in the large n limit can thus
be arranged as in Figure 2 where the leading order is a quark closed double line
with planar quarks and gluons inside, and the next subleading order is given
by adding a handle. The leading order scales like n2 while the subleading order
4
 ∼ n0∼ n2
Figure 2: First-order and second-order contributions to the three-meson interaction.
scales like n0. The previous color counting is not affected by the addition of a
finite number of flavors.
2.2 Effective Lagrangians, Anomalies, and Skyrmions
With nf massless flavors, the Lagrangian (7) has global symmetry SU(nf )L ×
SU(nf )R. The global chiral symmetry is expected to dynamically break to its
maximal diagonal subgroup by the quark condensate. The low-energy effective
Lagrangian describes the dynamics of the massless mesons that are the Nambu-
Goldstone bosons of the spontaneous chiral symmetry breaking. Written in
terms of the matrix U(x) = exp (iπ(x)/Fπ), where π(x) is the Goldstone boson
matrix, the effective Lagrangian is
Seff =
1
16
F 2π
∫
d4x
{
Tr∂µU∂µU
−1 + higher derivatives
}
+ kΓWZNW . (8)
The topological Wess-Zumino-Novikov-Witten (WZNW) term ΓWZNW is crucial
in order to satisfy the ’t Hooft anomaly conditions at the effective Lagrangian
level. Gauging the WZNW term with respect to the electromagnetic interactions
yields the familiar π0 → 2γ anomalous decay. The WZNW term can be written
as
ΓWZNW = − i
240π2
∫
M5
ǫµνρστTr
(
∂µUU
−1∂νUU
−1∂ρUU
−1∂σUU
−1∂τUU
−1
)
.
(9)
where the integral must be performed over a five-dimensional manifold whose
boundary is ordinary Minkowski space. Quantum consistency of the theory re-
quires k to be an integer. Matching with the underlying anomaly computations
requires k to be equal to the number of quarks with respect to the color. In
the case of the fundamental representation k = n while for orientifold QCD,
k = n(n± 1)/2.
The low-energy effective theory supports solitonic excitations. In order to
obtain classically stable configurations, it is necessary to include at least a four-
derivative term in addition to the usual two-derivative term. Higher-derivatives
terms are certainly present in the low-energy effective Lagrangian and are crucial
for the Skyrmion stability.
The Skyrmion is a texture-like solution of the effective Lagrangian arising
from the nontrivial third homotopy group of the possible configurations of the
matrix U(x) (namely π3 (SU(nf )) = Z). In the large n limit, we can treat the
effective Lagrangian as classical, and, since the n dependence appears only as a
multiplicative factor, the size and the mass of the Skyrmion scale, respectively,
as n0 and n(n±1)/2. Following [8], we can read off the statistics and the baryon
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number of the Skyrmion from the coefficient of the WZNW term. The baryon
number of the Skyrmion is n(n ± 1)/2 the baryon number of the quarks, and
the statistic is fermionic or bosonic accordingly if n(n± 1)/2 is odd or even.
The results we have just obtained all point in the same direction. There
should exist in the spectrum of the theory a stable baryon that in the large n
limit could be identified with the Skyrmion. This baryon should be constituted
by n(n± 1)/2 quarks, and its mass should scale as n2 in the large n limit.
2.3 The Puzzle
Now we introduce the problem we are going to face.
It has been noted in [11] that, at least at first glance, the identification
between baryons and Skyrmions in the large n limit, for orientifold QCD, is
problematic. A natural choice for the wave function of the baryon is the follow-
ing
ǫα1α2...αnǫβ1β2...βn Q
α1β1Qα2β2 . . . Qαnβn . (10)
This baryon is formed of n quarks and two epsilon tensors to saturate the indices.
The first guess, since the number of components is n, is that its mass scales like
n in the large n limit. The mass of the Skyrmion scales instead similar to F 2π
that, in the case of the quarks in higher representations, is n2. This is the first
discrepancy between the baryon (10) and the Skyrmion.
Let us remember, for a moment, the well-known case of ordinary QCD. We
briefly consider the large n behavior of the baryon in ordinary QCD. The gauge
wave function is
ǫα1...αn Q
α1 . . . Qαn , (11)
and it is antisymmetric under the exchange of any two quarks. Since the quarks
are fermions, the total gauge function ψgaugeψspin/flavorψspace must be antisym-
metric under the exchange of two quarks. The simplest choice is to take a
completely symmetric spin wave function and a completely symmetric spatial
wave function.
ψgauge ψspin/flavor ψspace
− + + (12)
In the large n limit, the problem can be approximated by a system of free
bosons in a mean field potential Vmean (r) created by the quarks themselves. The
ground state is a Bose-Einstein condensate; the quarks are all in the ground state
of the mean field potential. The large n behavior of the baryon is the following
R ∼ O (1) , M ∼ O (n) , (13)
where R is the size of the baryon and M its mass.
The key point to obtain this result is that the many body problem becomes
enormously simplified by the fact that the coupling constant scales like 1/g2 ∼ n
in the large n limit. To find the mass in this many body problem, we have to sum
up all the contributions from k-body interactions. The one-body contribution
is simply n times the mass of the single quark. The two-body interaction is of
order 1/n but an additional combinatorial factor
(
n
2
)
is needed, and we obtain
a contribution to the energy of order n. In general, any k-body interaction is
of order 1/nk−1 in the planar limit, and multiplied by the combinatorial factor(
n
k
)
, it gives a contribution of order n. The same argument implies that the
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mean field potential Vmean(r) is constant in the large n limit and so also the
typical size of baryon R (roughly the width of the ground state wave function).
These arguments are consistent with the low-energy effective Lagrangian
point of view. This Lagrangian is Leff ∼ n (∂U∂U + ∂U∂U∂U∂U + . . .) where U
is a SU(nf ) matrix . Since n is an overall multiplicative factor, the radius of
the Skyrmion is of order one while its mass is of order n.
Now let us go back to orientifold QCD. The first step toward the solution of
the puzzle is to realize that the naive expectation that the mass of (10) scales
like n is not correct. The reason is the following. The gauge wave function
(10) is symmetric under the exchange of two quarks. Since the total wave
function must be antisymmetric, this means that the space wave function must
be antisymmetric. The large n baryon must thus be approximated as a set of
free fermions in a mean field potential. Since fermions cannot all be in the same
ground state, there is an extra term in the energy coming from the Fermi zero
temperature pressure. At this point, one could hope that this extra term could
compensate for the mismatch and make the baryon mass scale like n2. A more
detailed analysis shows that this is not true.
In higher-representations QCD, the simplest baryon is (10), If we exchange
two quarks, say for example, Qα1β1 and Qα2β2 , this is equivalent to the exchange
of α1α2 in ǫα1α2...αn and β1β2 in ǫβ1β2...βn . The result is that the gauge wave
function is symmetric under the exchange of two quarks. This means that in
order to have a total wave function that is antisymmetric under the exchange,
the spatial wave function ψspace must be antisymmetric.
ψgauge ψspin/flavor ψspace
+ + − (14)
In the large n limit, the problem can be approximated by a system of free
fermions in a mean field potential Vmean(r). The ground state is a degenerate
Fermi gas and is obtained by filling all the lowest energy states of the mean field
potential up the Fermi surface. Now there are two kind of forces that enter in
the game:
1) Gauge forces scales like n and are both repulsive and attractive,
2) Fermi zero temperature pressure scales like n4/3 and is only repulsive.
We can thus immediately infer the following that the simplest baryon cannot
be matched with the Skyrmion; this is because the mass of the Skyrmion goes
like n2 while the mass of this baryon obviously cannot go faster than n4/3.
Another discrepancy for the candidate baryon (10) comes from the WZNW
term of the effective Lagrangian. From this term, we can read off the statistics
and the baryon number of the Skyrmion. The baryon number is n(n ± 1)/2,
where ± stand, respectively, for symmetric and antisymmetric representation,
and the statistic is fermionic or bosonic accordingly if n(n±1)/2 is odd or even.
There is no way to recover this number from the baryon (10).
The topological stability of the Skyrmion in the effective Lagrangian indi-
cates that, at least in the large n limit, there should exist a stable state composed
by n(n ± 1)/2 quarks and whose mass scales like n2. This is possible if there
exists a color singlet wave function that not only is composed by n(n ± 1)/2
quarks but is also completely antisymmetric under the exchange of them. In
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what follows we are going to show that this function exists and that n(n± 1)/2
is the unique number of quarks needed for its existence. This shall also confirm
the stability of these Skyrmions-baryons. In fact, any baryonic particle with a
smaller number of quarks must have the extra contributions to its mass coming
from the spatial Fermi statistics.
2.4 The Matching of the Skyrmion
We have seen in the previous section that the simplest baryon (10) has a gauge
wave function that is symmetric under the exchange of two quarks. This has a
drastic consequence on its mass-vs.-n behavior. In the following, we will con-
struct the only possible gauge wave function that is completely antisymmetric
under the exchange of any two quarks. We will find that the required number
of quarks, as expected from the Skyrmion analysis, must be n(n± 1)/2.
First of all, we introduce a diagrammatic representation of baryons that
shall be very useful in the following. As described in Figure 3, we use points to
indicate quarks Qαβ and lines to indicate epsilon tensors (or baryon vertices)
ǫα1...αn . To have a gauge singlet baryon, we need to build a diagram of points
and lines so that: 1) Two lines pass from every point. 2) A line passes through
n points. Only in the antisymmetric case is it possible for the same line to
pass twice on the same point. For example, the diagram corresponding to the
(only for A)
baryon vertices baryon vertex
Quark Qα,β Baryon vertex ǫα1,...,αn
Indices saturated by two Indices saturated by one
Figure 3: We diagrammatically represent quarks with points and epsilon tensors with lines.
Two lines pass from every point. Every line connects n points. In the case of the anti-
symmetric representation, a line can pass twice on the same point.
simplest baryon (10) is given in Figure 4. We shall now proceed to discuss
separately the case of symmetric and antisymmetric representations.
2.4.1 The symmetric representation
We start from the simplest case: two colors n = 2. We want to construct
a gauge invariant wave function that contains three quarks Q{α1β1}, Q{α2β2},
8
Figure 4: Diagrammatic representation for the simplest baryon of Eq. (10).
and Q{α3β3}, and that is completely antisymmetric under the exchange of any
two of them. A natural guess to try is the triangular diagram of Figure 5. The
Figure 5: Diagrammatic representation for the simplest baryon for n = 2 (Eq. (15)).
gauge wave function that corresponds to the diagram is1
ǫα2α1ǫβ2α3ǫβ1β3 Q
{α1β1}Q{α2β2}Q{α3β3} . (15)
Let us now prove that this wave function is indeed antisymmetric under the
exchange of two quarks. We can proceed with the following algebraic steps:
ǫα1α2ǫβ1α3ǫβ2β3 Q
{α1β1}Q{α2β2}Q{α3β3}
= −ǫα2α1ǫβ1α3ǫβ2β3 Q{α1β1}Q{α2β2}Q{α3β3}
= −ǫα2α1ǫβ1β3ǫβ2α3 Q{α1β1}Q{α2β2}Q{β3α3}
= −ǫα2α1ǫβ1β3ǫβ2α3 Q{α1β1}Q{α2β2}Q{α3β3} . (16)
The first line corresponds to Eq.(15) with quarks 1 and 2 exchanged (the ex-
change is done in the epsilon tensors). The three algebraic steps are the follow-
ing:
(A→B) Exchange of α1 and α2 in the ǫ brings a minus factor;
(B→C) Renomination of α3 with β3, which has no consequences;
(C→D) Exchange of α3 and β3 in the quark also has no consequences.
In the final line, we recover exactly the wave function (15) but with a minus
sign in front of it.
We now prove this general theorem that, apart from the confirmation of the
existence and uniqueness of these n(n + 1)/2 fully antisymmetric gauge wave
function, will also give the recipe to construct it.
Proposition 1 There is one and only one gauge wave function that is a gauge
singlet and completely antisymmetric under the exchange of two quarks. This
wave function is composed by n(n + 1)/2 quarks Q{αβ} and is the completely
antisymmetric subspace of the tensor product of n(n+ 1)/2 quarks Q{αβ}.
1Note in particular that the symmetric representation for SU(2) is equivalent to the adjoint
representation and a gauge invariant antisymmetric wave function can easily be written as
ǫabcQ
aQbQc where a, b, c are triplet indices. This wave function is exactly the same as that
of Eq. (15).
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Proof. Call S the number of quarks in a hypothetical gauge wave function that
satisfies the previous conditions. We need two facts to prove the proposition:
1 ) Two indices αi and βi of the same quark Q
{αiβi} cannot belong to the same
saturation line since they are symmetric under the exchange; 2 ) Two quarks
Q{αiβi} and Q{αjβj} can be connected by at most one line. The reason is simply
that exchanging them would give a plus sign instead of the required minus sign.
At this point, we are ready to build the fully antisymmetric wave function.
We follow Figure 6. We start from the first quark Q{α1β1} and draw the first
2
1
3
n
n + 1 n(n + 1)/2
n + 2
Figure 6: The triangular diagram for the Skyrmion-baryon in the case of the two-index
symmetric representation: n(n+ 1)/2 points connected by n+ 1 lines.
saturation line that departs from this quark. This implies the presence of other
n − 1 quarks that we call Q{α2β2}, . . . , Q{αnβn}. Let’s consider now Q{α2β2}.
One index is already saturated, and from the other one a new saturation line
must depart. Due to property 2 ), new n−2 quarks must be added. One of them,
Q{αn+1βn+1}, can be in common with Q{α1β1}. We then take Q{α3β3} and start
the other saturation line. It can pass from Q{αn+2βn+2}, but then other different
n− 2 quarks must be added. So on we go until we reach Q{αnβn} and complete
the saturation adding the last line. In total we have n+n−1+n−2+ . . .+1 =
n(n + 1)/2 quarks, whose indices are saturated by n + 1 epsilon tensors. So
what we have shown is that at least n(n+1) quarks are necessary if we require
the complete antisymmetry of the gauge wave function. This is equivalent to
say that we put a lower-bound on the number of quarks: S ≥ n(n+ 1)/2.
Now we need to prove the existence and uniqueness of this wave function.
Consider the tensorial product of a certain number of quarks Q{αβ}. Every
quark must be considered as a vector space of dimension n(n+1)/2 over which
the group SU(n) acts as a linear representation. Now we take the subspace of
the tensor product that is completely antisymmetric under the exchange. This
subspace is obviously closed under the action of the gauge group. If the number
of quarks is greater than n(n+1)/2, this subspace has dimension zero, and this is
equivalent to an upper-bound on the number of quarks: S ≤ n(n+1)/2. Due to
the previously found lower-bound, we can say that S must be exactly n(n+1)/2.
If the number of quarks is exactly n(n+ 1)/2, the antisymmetric subspace has
exactly dimension one. We have thus proved that the completely antisymmetric
space of n(n + 1)/2 quarks Q{αβ} is also a singlet of the gauge group, since it
is one-dimensional and must be closed under the gauge transformations.
The gauge wave function for general n can be obtained by generalizing the
one of Figure 5 for n = 2. The baryon for n = 2 does not need to be anti-
symmetrized, because it is already antisymmetric under the exchange of any
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pair of quarks. For generic n, antisymmetrization is needed. In the case n = 3,
for example, the antisymmetrizations with respect to the four quarks Q{α1β1},
Q{α2β2}, Q{α3β3} and Q{α4β4} are enough to guarantee the complete antisym-
metrization. It can be seen that the antisymmetrization with respect to the
exchange Q{α1β1} ↔ Q{α2β2} implies that with respect to Q{α3β3} ↔ Q{α5β5}
and the same for the two exchangesQ{α2β2} ↔ Q{α4β4} and Q{α3β3} ↔ Q{α6β6}.
We thus have a sufficient number of exchanges to generate the complete permu-
tation group.
2.4.2 The antisymmetric representation
We now consider the quarks in the antisymmetric representation. Our goal is
a gauge invariant and antisymmetric wave function that contains n(n − 1)/2
quarks Q[αβ]. As we did in the previous subsection, we start with the simplest
cases and then generalize. For n = 2, we have n(n − 1)/2 = 1, and it is easy
to find such a wave function. It is just ǫαβ Q
[αβ]. For n = 3, we need a wave
function that contains three quarks. To guess it directly from Q[αβ] is not
easy, but we can use an indirect trick. The antisymmetric representation, for
n = 3, is equivalent to the anti-fundamental representation; this follows from
Q˜γ =
1
2ǫγαβQ
[αβ]. We know how to write a baryon for the anti-fundamental
representation; it is the usual one ǫγρτ Q˜γQ˜ρQ˜τ . Substituting the relationship
between Q˜γ and Q
[αβ], we obtain
1
2
(ǫα2β2α1ǫα3β3β1 − ǫα3β3α1ǫα2β2β1)Q[α1β1]Q[α2β2]Q[α3β3] . (17)
The diagram corresponding to this baryon is given in Figure 7. We know, by
Figure 7: Diagrammatic representation for the simplest baryon of Eq. (7).
construction, that this wave function is antisymmetric under the exchange of
any couple of quarks. We now generalize this result.
Proposition 2 There is one and only one gauge wave function that is a gauge
singlet and completely antisymmetric under the exchange of two quarks. This
wave function is composed by n(n− 1)/2 quarks Q[αβ] and is the antisymmetric
subspace of the tensor product of n(n− 1)/2 quarks Q[αβ].
Proof. Denote by A the number of quarks in a hypothetical gauge wave function
that satisfies the previous conditions. The reason why A can be smaller than
S is that now it is instead possible for a quark to have both indices on the
same saturation line. For the proof we need the following two basic facts: 1 )
One saturation line can contain at most one quark; otherwise the wave function
will be symmetric under the exchange of these quarks; 2 ) Two quarks Q{αiβi}
and Q{αjβj} can be connected by at most one line. The reason is the same
11
n− 1
1
2
3
n n(n− 1)/2
n + 1
Figure 8: Diagram for the Skyrmion-Baryon in the case of the two-index antisymmetric
representation.
as in the case of the symmetric representation. At this point, we are ready to
build the fully antisymmetric wave function. We follow Figure 8. We start from
the first quark Q{α1β1} and draw the first saturation line that departs from
this quark. This implies the presence of other n − 2 quarks at least that we
call Q{α2β2}, . . . , Q{αn−1βn−1}. Let us consider Q{α2β2}. One index is already
saturated, and from the other one a new saturation line must depart. Due to
property 2 ), at least new n− 2 quarks must be added. One of them, Q{αnβn},
can have two indices on the same line. We then consider Q{α3β3} and start the
other saturation line. It can pass fromQ{αn+1βn+1}, but then other different n−3
quarks must be added. So on we go until we reach Q{αn−1βn−1} and complete
the saturation adding the last line. In total, we have n− 1 + n− 2 + . . .+ 1 =
n(n − 1)/2 quarks, whose indices are saturated by n − 1 epsilon tensors. We
just have proved that at least n(n − 1) quarks are necessary if we require the
complete antisymmetry of the gauge wave function; this is the lower-bound
A ≥ n(n− 1)/2.
The proof of the existence and uniqueness of this wave function is exactly
the same as that of the symmetric representation. From the antisymmetric
subspace of the tensorial product, we find the upper-bound A ≤ n(n − 1)/2
This implies that the unique possibility is exactly A = n(n − 1)/2. From the
fact that the antisymmetric subspace is, in this case, one-dimensional, follows
the gauge invariance.
For example, the baryon for n = 4 is given by the diagram plus the needed
antisymmetrizations.(∑
σ∈S sign(σ)ǫασ(4)βσ(4)ασ(2)ασ(1)ǫσ(2)βσ(5)βσ(2)ασ(3)ǫασ(6)βσ(6)βσ(1)βσ(3)
)
Q{α1β1}Q{α2β2}Q{α3β3}Q{α4β4}Q{α5β5}Q{α6β6} . (18)
2.5 More on the Antisymmetric Representation
In this section, we want to consider in more detail the case of the antisymmetric
representation. There is a peculiarity about the simplest baryon, which we did
not mention previously. The baryon previously introduced as the simplest one,
is that of Figure 4, which is
ǫα1α2...αnǫβ1β2...βn Q
[α1β1]Q[α2β2] . . . Q[αnβn] . (19)
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We have now to make a distinction between n even and n odd. In the case of
n even, (19) is not the minimal baryon, since we can construct a gauge invariant
wave function using only n/2 quarks:
ǫα1α2...αn/2β1β2...βn/2 Q
[α1β1]Q[α2β2] . . . Q[αn/2βn/2] . (20)
This baryon is symmetric under the exchange of two quark and so there is
no difference with respect to the previous one with regard to the mass-vs-n
dependence.
In the case of n = 2n + 1, instead we can prove that the minimal baryon
(19) is identically zero, with the following algebraic passages:
ǫα1α2...α2n+1ǫβ1β2...β2n+1 Q
[α1β1]Q[α2β2] . . .Q[α2n+1β2n+1]
= (−1)2n+1 ǫα1α2...α2n+1ǫβ1β2...β2n+1 Q[β1α1]Q[β2α2] . . .Q[β2n+1α2n+1]
= − ǫβ1β2...β2n+1ǫα1α2...α2n+1Q[α1β1]Q[α2β2] . . . Q[α2n+1β2n+1] . (21)
In the first passage, we have exchanged the α and the β indices in every quark.
Since we have 2n + 1 quarks in the antisymmetric representation, this step
brings down a minus sign. In the second step we have just renamed αi with
βi and vice versa, and this has no consequences. The last line of (21) is equal
to minus the first line (apart from an irrelevant exchange in the position of the
two epsilons), and thus the wave function must be zero. We can also prove a
stronger statement:
Proposition 3 For n odd and quarks in the antisymmetric representation, it
is not possible to write a gauge invariant wave function that is completely sym-
metric under the exchange of two quarks.
Proof. Consider a generic wave function that is gauge invariant and symmetric
under the exchange of two quarks. We are going to prove that it is identically
zero. This wave function is composed by a number of quarks that we generically
denote by M . Mαβ of these quarks are of type Q
[αβ] and Mαβ are of type Q
[αβ]
so that we can write
M =M(αβ) +M(αβ) . (22)
The M quarks can be divided into various connected components, where the
connection is given by the epsilon contractions and the quarks Q[αβ]. Let us
assume for the moment that we have only one connected component. It is easy
to see that Mαβ must be odd. We will now use the same argument we have
used to show that (21) is identically zero. Namely we will show that the wave
function is equal to minus itself. First we exchange all the α indices with their
β partners and this contributes a minus sign since Mαβ is odd. Then we make
a suitable number of exchanges between the quarks Q[αβ] in order to recover
the original epsilon structure. These exchanges do not affect the wave function
since by definition it is symmetric under exchanges of two quarks. So we have
recovered the original wave function but with a minus sign in front.
We now have to consider the more general situation in which the M quarks
are divided into various disconnected components. It can easily be seen that in
this case the sub-connected components must be closed under the exchange of
two generic quarks. Put in another way, if the global wave function is symmetric
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under the exchange of two quarks, then the sub-connected wave functions are
also symmetric under the exchange of two quarks.
The previous proposition does not exclude the possible existence of a gauge
invariant wave function with less than n(n− 1)/2 quarks, and in a non-singlet
representation of the permutation group. In this case, the baryon is not a simple
product of gauge, spin, and space wave function but a sum
∑
i ψ
i
gaugeψ
i
spinψ
i
space,
where ψigauge is the non-singlet representation of the permutation group.
2.6 Stability of the Skyrmion
We want now to discuss the issue of the stability of the Skyrmion. The Skyrmion
corresponds to the baryon that contains n(n±1)/2 quarks and is fully antisym-
metric in the gauge wave function. The mass is thus proportional to the num-
ber of constituent quarks. Seen from the low-energy effective Lagrangian, the
Skyrmion is absolutely stable. In the full theory, on the other hand, we should
consider the possibility of decay into baryons with lower numbers of constituent
quarks, for example, the baryon ǫα1α2...αnǫβ1β2...βn Q
α1β1Qα2β2 . . . Qαnβn . These
states are not visible from the low-energy effective Lagrangian. As we have
seen in Section 2.4, baryons with a number of constituent quarks lower than
n(n ± 1)/2 cannot be in a fully antisymmetric gauge wave function. This im-
plies that the Skyrmion is the state that minimizes the mass per unit of baryon
number.
Let us consider an explicit example in more detail. A Skyrmion that contains
n(n±1)/2 can decay into (n±1)/2 baryons composed by n quarks. The baryon
number is conserved, and so this decay channel is in principle possible. In
order to analyze the energetic of this baryon, we propose now a toy model to
schematize the fundamental baryon. We have n quarks and 2 baryon vertices.
Every quark is attached to two fundamental strings and every baryon vertex
to n fundamental strings (see Figure 9 for an example). Baryon vertices have
String
Baryon vertex
Quark
Figure 9: A model of the baryon (here for four colors). Every quark is attached to two
confining strings and every baryon vertex to n confining strings.
a mass of order n; we can thus neglect their dynamics and consider them at
rest and positioned in what we define to be the center of the baryon. In this
approximation, the quarks do not interact directly between each other; they live
in a mean potential given by the string tension multiplied by the distance from
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the center
Vmean(R) = 2Tstring |R| . (23)
Quarks are antisymmetric in the space wave function, and so they fill the energy
levels up to the Fermi surface (see Figure 10). We indicate as RF and PF,
respectively, the Fermi radius and momentum. The total energy and the number
of quarks n are given by the following integrals over the phase space:∫ RF ∫ PF d3Rd3P
(2π)
3 (P + Vmean(R)) = E ,∫ RF ∫ PF d3Rd3P
(2π)3
= n . (24)
Since the quarks are massless, we take the Hamiltonian to be P + Vmean(R).
From now on, we ignore numerical factors such as the phase space volume ele-
ment; at this level of approximation they are not important. The second equa-
tion of (24) gives a relationship between the Fermi momentum and the Fermi
radius, namely PF ∼ n1/3/RF. The first equation of (24) gives the following
expression of the energy as function of the radius
E ∼ n
4/3
RF
+ TstringnRF . (25)
Minimizing, we obtainRF ∼ n1/6/
√
Tstring, and consequently PF ∼ n1/6
√
Tstring.
The mass of the baryon is thus given by
Mn−Baryon ∼ n7/6
√
Tstring . (26)
The important thing to note is the n7/6 dependence. The mass per unit of
baryon number grows as n1/6.
Fermi see
Mean potential
∆
Figure 10: The mean potential for our toy model of the baryon.
This approximation breaks down when the Fermi energy n1/6
√
Tstring be-
comes much greater than the dynamical scale. Due to asymptotic freedom, the
highly energetic quarks do not feel a confining potential like (23) but instead a
Coulomb-like potential. The mass per unit of baryon number stops growing as
n1/6 and, presumably, saturates to a constant.
This toy model is certainly a very crude approximation. But we think it cap-
tures some qualitative behavior of this simplest baryon. In particular, the model
shows how this Fermi statistic is responsible for the stability of the Skyrmion.
The simplest baryon, in the very large-n limit, consists of a core of quarks in
a confined potential, plus a cloud of quarks in a Coulomb-like potential. The
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mass per unit of baryon number exceeds that of the Skyrmion a the quantity ∆
(in Figure 10), due to the Fermi statistic of the quarks. The Skyrmion is thus
stable against decay into ∼ n of these simplest baryons.
Regarding the mass-vs.-n dependence of the Skyrmion, there is a final issue
we have to discuss now. The Skyrmion has n(n ± 1)/2 constituent quarks,
symmetric in the space wave function. The mass, as we said, is proportional
to n2 since all the quarks can occupy the ground state of the mean potential.
But we should also consider higher order corrections, from the gluons exchange,
and verify that they all scale like n2. In ordinary QCD, that is indeed the
case. A two-body interaction has a ∼ n2 enhancement due to the possibility
of choosing any couple out of the n quarks. On the other hand, there is also
a 1/n suppression from the gauge coupling that enters in the gluon exchange.
At any order, the corrections always scale like n. If we simply repeat the same
argument for the orientifold QCD, we run into a problem. Since we have ∼ n2
constituent quarks, the combinatorial enhancement factor is now ∼ n4. We still
have a suppression of 1/n from the gauge coupling, and as a result the one-body
interaction seems to grow as ∼ n3. And things gets even worse if we consider
higher order interactions. Needless to say, this is a problem. Our result, the
identification of the Skyrmion with the n(n± 1)/2 baryon, deeply relies on the
fact that this object has a mass that scales like ∼ n2.
This issue has been considered, and successfully solved, in Ref. [12]. The
point is that, in the previous paragraph, we overestimated the combinatorial
factor. The gauge structure of the baryon forbids many gluon exchanges between
quarks, reducing the combinatorial factor from order n4 to order n3. Suppose
we want to exchange a gluon between quark Q12 and quark Q34, where the
numbers refer to the gauge space. We can do it with the gluon A23µ , for example.
The outcome is that the two quarks exchange the gauge numbers carried by
the gluon. We thus have that the quarks Q12 and Q34 become Q13 and Q24.
But the baryon already contains quarks Q13 and Q24 in its wave function, and
the completely antisymmetric structure forbids repetitions. That means that
this gluon exchange is not allowed. The only exchanges allowed are the ones
between quarks that share at least one index. Quarks Qαβ and Qαγ can interact
exchanging the gluon Aβγµ or the diagonal one A
αα
µ . This reduces the total
combinatorial factor from n4 to n3. This, together with the 1/n suppression
from the gauge coupling, gives a contribution of order n2, which is exactly
what we expect from the Skyrmion-baryon identification. Repeating the same
argument, for higher body interactions, still gives a total result of order ∼ n2.
3 Adjoint QCD
We will now consider adjoint QCD: nf massless Weyl fermions in the adjoint
representation of the SU(n) gauge theory. To ensure a chiral symmetry in the
fundamental Lagrangian, and to keep the microscopic theory asymptotically
free, we must impose the following constraints on the value of nf :
2 ≤ nf ≤ 5 . (27)
The global symmetries are U(nf ) group acting on the quarks λf .
The pattern of the χSB in this case is
SU(nf )× Z2nnf → SO(nf )× Z2 , (28)
16
where the discrete factors are the remnants of the global U(1) broken by the
anomaly. Equation (28) can be elucidated as follows. If we denote the adjoint
quark field as λaα f (here a, α, f are the color, Lorentz-spinorial, and flavor
indices, respectively; we use the Weyl representation for the spinor), the Lorentz-
scalar bilinear λaα f λ
a α
g is expected to condense as:
〈λaα f λa αg 〉 = Λ3 δfg . (29)
The order parameter 〈λaα f λa αf 〉 stays intact under the transformations of SU(nf )
that are generated by the purely imaginary generators, the ones of the so(nf)
sub-algebra.
Thus, the low-energy pion Lagrangian is a nonlinear sigma model with the
target space M given by the coset space:
Mnf = SU(nf )/SO(nf ) . (30)
The third homotopy group for (30) is nontrivial in all four cases (27), as shown
in Table 1.
nf = 2 nf = 3 nf = 4 nf = 5
π3 Z Z4 Z2 Z2
Table 1: The third homotopy group for sigma models emerging in Yang–Mills with two,
three, four, and five adjoint flavors.
Topologically stable solitons (whose mass scales as n2) exist much in the
same way as Skyrmions in QCD. Unlike QCD, where the relationship between
Skyrmions and microscopic theory is well established, in our case it is far from
being clear.
Below we will clarify this aspect of the theory. We will first focus on the
simplest case nf = 2 in Section 3.1. In this case, the chiral Lagrangian is
that of the S2 sigma model, which is sometimes referred to as the Skyrme-
Faddeev and sometimes as the Faddeev-Hopf model. The soliton’s topological
stability is due to the existence of the Hopf invariant. We will then discuss the
generic case nf = 3, 4, 5 in Section 3.2 and the related SO(n) Yang–Mills theories
with vectorial quarks, which share the same structure of chiral Lagrangians and
solitons.
3.1 The Case of Two Flavors
In the nf = 2 case, the SU(2) flavor group is broken down to the U(1) subgroup
generated by the Pauli matrix τ2 (we will denote the Pauli matrices as τi when
they act on the flavor indices and σi when they act in the Lorentz-spinorial
indices.) If λ→ exp(iατ2)λ, we can diagonalize the adjoint quarks in the flavor
space as follows:
λ± =
1√
2
(λ1 ∓ iλ2) . (31)
Then, the unbroken U(1) current takes the form
Jαα˙ = λ¯+α˙ λ+α − λ¯−α˙ λ−α , (32)
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generating the following transformation:
λ+ → eiαλ+ , λ− → e−iαλ− . (33)
We will say that the U(1) charge of λ+ is plus one while that of λ− is minus
one, Q(λ±) = ±1. The vacuum condensate in this theory has the form
〈λ+λ− + h.c.〉 6= 0 . (34)
It is neutral with respect to the conserved U(1). There are two Nambu–
Goldstone bosons, π++ and π−−. Roughly, π++ ∼ λ+λ+ and π−− ∼ λ−λ−.
The pion U(1) charges are
Q(π±±) = ±2 . (35)
For all “ordinary” hadrons, which can be produced from the vacuum by
local currents, determination of (−1)F is straightforward. We can decompose
the Hilbert space of hadronic excitations in the direct sum of two spaces:
H(hadronic) = H(+1,+1) ⊕H(−1,−1) (36)
containing, respectively, the composite states with the even and odd U(1) charges.
We have denoted the charges as
(
(−1)Q, (−1)F ). From the point of view of the
hadronic Hilbert space (36), this would appear a redundant notation. It will
soon be clear that this is not. It is clear that H(+1,+1) contains hadronic ex-
citation of the boson type, while H(−1,−1) of the fermion type. In particular,
H(+1,+1) contains the massless Nambu-Goldstone bosons π±±, and, hence, there
is no mass gap here. On the contrary, H(−1,−1) has a mass gap m, the mass of
the lightest composite fermion of the type
ψβ f ∝ Tr
(
λαf Fαβ
) ≡ Tr(λαf σµναβFµν) , (37)
where Fαβ is the (anti)self-dual gluon field strength tensor (in the spinorial
notation). Two U(1)-charge ±1 composite fermions are
ψ± ∝ Tr
(
λα±Fαβ
)
, (38)
(plus their antiparticles, of course). Note that ψ− is not ψ+’s antiparticle.
Moreover, we can combine ψ− and ψ¯+ in a single Dirac spinor Ψ−,
Ψ− =
(
ψ−
σ2 τ2 ψ
∗
+
)
. (39)
Below we will argue that in fact Eq. (36) is incomplete. An extra sector can
and must be added,
H = H(hadronic) ⊕H(exotic) , (40)
where H(hadronic) is given by (36) and the new sector is given by
H(exotic) = H(+1,−1) ⊕H(−1,+1) . (41)
H(exotic) includes hadrons with even Q and odd F and, vice versa, odd Q and
even F . To build such a hadron, one needs ∼ n2 constituents. In adjoint QCD,
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they play the role of baryons of conventional QCD. Their existence is reflected
in the Hopf-Skyrmions.
The sections are organized as follows. In 3.1.1, we discuss the low-energy
limit of two-flavor adjoint QCD, present the corresponding chiral Lagrangian,
and discuss its features. In 3.1.2, we extend the model by introducing appropri-
ate fermion fields. In 3.1.3, we calculate the induced fermion charge, and thus
prove the stability.
3.1.1 The Skyrme–Faddeev model
Let us briefly review the effective low-energy pion Lagrangian corresponding to
the given pattern of the χSB; see Eq. (28) with nf = 2. We describe the pion
dynamics by the O(3) nonlinear sigma model (in four dimensions)
Leff = F
2
π
2
∂µ~n · ∂µ~n+ higher derivatives , (42)
where the three-component field ~n is a vector in the flavor space, subject to the
condition
~n 2 = 1 . (43)
As in ordinary QCD, higher derivative terms are in general present in a low-
energy effective theory expansion, and they are needed for the soliton stabiliza-
tion. The “plain” vacuum corresponds to a constant value of ~n, which we are
free to choose as 〈n3〉 = 1.
Usually the higher derivative term is chosen as follows (for a review, see
[28]):
δLeff = −λ
4
(∂µ~n× ∂ν~n) · (∂µ~n× ∂ν~n) . (44)
Equations (42) and (44) constitute the Skyrme–Faddeev (or the Faddeev–Hopf)
model. Note that the WZNW term does not exist in this model, simply because
π4(S
2) is not trivial.
To have a finite soliton energy, the vector ~n for the soliton solution must
tend to its vacuum value at the spatial infinity,
~n→ {0, 0, 1} at |~x| → ∞ . (45)
Two elementary excitations near the vacuum n3 = 1,
1√
2
(n1 ± i n2) ,
can be identified with the pions. The boundary condition (45) compactifies
the space to S3. Since π3(S
2) = Z, see Table 1, solitons present topologically
nontrivial maps of S3 → S2 . As was noted in [14], there is an associated integer
topological charge n, the Hopf invariant, which presents the soliton number.
The solitons of the Skyrme–Faddeev model are of the knot type. The sim-
plest of them is toroidal; it looks like a “donut,” see, e.g., [28]. Qualitatively,
it is rather easy to understand, in the limit when the ratio of the periods is a
large number, that the Hopf topological number combines an instanton number
in two dimensions, with a twist in the perpendicular dimension. Let us slice the
“donut” soliton by a perpendicular plane AB. In the vicinity of this plane, the
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soliton can be viewed as a cylinder, so that the problem becomes effectively two-
dimensional. In two dimensions the, O(3) sigma model has Polyakov–Belavin
instantons [13] whose topological stability is ensured by the existence of the
corresponding topological charge. The Polyakov–Belavin instanton has an ori-
entational collective coordinate describing its rotation in the unbroken U(1)
subgroup. In two dimensions for each given instanton, this collective coordinate
is a fixed number. In the Hopf soliton of the type shown in Fig. 11, as we move
the plane AB in the direction indicated by the arrow, this collective coordinate
changes (adiabatically), so that the 2π rotation of the plane AB in the direc-
tion of the arrow corresponds to the 2π rotation of the orientational modulus of
the Polyakov–Belavin instanton. This is the twist necessary to make the Hopf
soliton topologically stable.
B
A
Twist of the U(1) phase
Polyakov-Belavin instanton
Figure 11: The simplest Hopf soliton, in the adiabatic limit, corresponds to a Belavin-
Polyakov soliton closed into a donut after a 2π twist of the internal phase.
The Hopf charge cannot be written as an integral of any density that is local
in the field ~n. We introduce now a different, but equivalent, formulation. In the
nf = 2 case, there are two ways to parametrize the target space S
2. One can
use a vector ~n subject to the constraint |~n| = 1, the one just discussed. Another
approach, which goes under the name of the gauged formulation of the CP 1
sigma model, is to use a complex doublet zi subject to the constraint z
∗
i zi = 1.
This leaves us with an S3 sphere. We have to further reduce it by gauging the
phase rotation zi → eiθzi. This Hopf fibration leaves us exactly with the sphere
S2. The map between the two formulations is
~n = z∗i ~τzi .
The derivatives acting on the doublet zi are the covariant derivatives
Dµ = ∂µ − iAµ
where
Aµ = − i
2
[z∗i (∂µzi)− (∂µz∗i )zi] . (46)
This gauge field is related to the topological current of the vortex by
Jµ =
1
4
ǫµνρǫabcna∂νn
b∂ρn
c (47)
= ǫµνρ∂νAρ , (48)
where the normalization is to 2π.
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It is possible now to express the Hopf charge (the charge of π3(S
2) = Z) as
a local function of the gauge field A, simply using the Chern-Simons term for
the auxiliary gauge field:
s =
1
4π2
∫
d3xǫµνρAµ∂νAρ . (49)
We can verify this formula in the following way. Since the Hopf charge is a
topological invariant, we can compute it on a configuration with cylindrical
symmetry, a vortex in the x, y plane, extended in the z direction, that makes a 2π
twist of the internal phase, as z goes from −∞ to +∞. Any configuration in this
topological class must give the same answer for the integral of the Hopf number.
We can thus choose an adiabatic rotation, in which the z variation happens at a
scale much longer than the vortex one. This allows the following simplifications.
We can neglect the term AiJi and consider only the one A0J0. Furthermore,
for the same reason, we can make separately the integrals
∫
dzA0
∫
d2xJ0. The
integral of J0 gives the total magnetic flux, which is 2π. The integral of A0 gives
the total phase rotation, which is also 2π. From that, the 4π2 normalization
factor in (49).
3.1.2 Introducing massive fermions
The Skyrme–Faddeev model neglects excitations belonging to the odd sector of
the Hilbert space. Let us now include them.
We can write an effective Lagrangian that includes both the pions and the
fermions as follows:
Leff = F 2π
[
1
2
∂µ~n · ∂µ~n+ Ψ¯ (iγµ∂µ − g~n · ~τ) Ψ + . . .
]
(50)
where Ψ is a Majorana spinor defined as
Ψ =
1
2Fπ
(
ψ
σ2τ2ψ
∗
)
. (51)
If we expand around ~n rotated in the third direction, we find as expected the
two pions plus a massive Dirac fermion:
Leff = ∂µπ∗∂µπ + Ψ¯D (iγµ∂µ −m)ΨD + interactions , (52)
where the mass is m = gFπ.
3.1.3 Fermion impact on the Hopf soliton
In a slow field configuration background, that is a sufficiently wide soliton,
the induced fermion quantum numbers can be evaluated using the Goldstone-
Wilczek(GW) technique [24].
Now return to our problem in 3+1 dimensions. Now the Hopf term becomes
a current
jµHopf =
1
4π2
ǫµνρσA3ν∂ρA
3
σ , (53)
and it is normalized so that
∫
dxj0Hopf = 1 on the background of a Hopf Skyrmion
of charge 1. For a slow field configuration, we can use the Goldstone-Wiczek
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Charge Q F
ψ 1 1
π 2 0
Skyrmion/exotics
0
1
1
0
Table 2: Q and F mod 2 for nonexotic and exotic hadrons.
method. We orient ~n in the third direction and we obtain the Lagrangian
(52), that is one massive Dirac fermion ΨD plus pions. The currents of the
fermion are jµ = Ψ¯Dγ
µΨD and j
µ
5 = Ψ¯Dγ
µγ5ΨD and the respective charges
Q =
∫
d3xj0 and Q5 =
∫
d3xj05 . Q corresponds to the exactly conserved U(1)
charge, while Q5 is the conserved, modulus 2, fermionic number. The induced
Q charge is zero simply because the left fermion and the right fermion give
opposite contributions. The induced Q5 is not zero. We do need to compute
this diagram, since this has already been done: it is nothing but the ABJ
anomaly. The anomaly of the axial current is
∂µj
µ
5 =
1
8π2
F˜µνFµν +mass , (54)
which can just be rewritten as
∂µj
µ
5 = ∂µj
µ
Hopf +mass . (55)
The induced Q5 charge is equal to the Hopf charge, modulus 2.
We are now ready to discuss the stability of the Skyrmion. The theory
contains three kinds of particle, whose charges are resumed in the Table 2. The
Hopf Skyrmion can have charges Q and F respectively 0 and 1, if there is no
fermion zero mode crossing in the process of evolution from the topologically
trivial background to that of the Hopf Skyrmion, or 1 and 0 if there is a fermion
zero mode crossing.2
In both cases the lightest exotic hadrons represented by the Hopf Skyrmion
are stable. They cannot decay in any number of pions and/or pions plus “or-
dinary” baryons with mass O(n0). note that this is a Z2 stability. Two Hopf
Skyrmions can annihilate and decay into an array of π ’s and ψ’s. For nonexotic
hadron excitations that can be seen in a constituent model and have mass O(n0)
the combination Q+F is always even while for exotic hadrons with mass O(n2)
the sum Q+ F is odd.
The Goldstone-Wiczek (GW) method is not an exact procedure. It becomes
exact only in the limit where the soliton is so large that the variations of the
fields of which is made out, can be considered adiabatically. To compute exactly
the fermion induce number on a soliton background, the complete analysis of
the Dirac operator and its spectrum should be made (see for example [26, 27]).
One of the first signals of the breaking of the GW technique is a zero mode
crossing in the Dirac spectrum.
2 A relevant discussion of the fermion zero mode crossings in 2+1 dimensions can be found
in [25].
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The large-n limit is a weak coupling limit for Leff , but is not the limit in
which the Goldstone-Wilczek approximation can be considered exact. In the
large-n limit the soliton size is constant, i.e. of order n0, and the coupling con-
stant is decreasing like 1/n. The validity or not of the GW method, is encoded
in the relation between the quadratic and the quartic term of the effective La-
grangian; these are the quantities that determine the size of the soliton. We also
said that a zero mode crossing can change the quantum numbers of the soliton,
but do not alter the conclusion about the Z2 stability.
3.2 Generic Number of Flavor
The purpose of the present section is to complete the study for generic values
of nf , giving a brief review of the results of [3]. We shall skip a lot of technical,
but important, details that can be found by the reader in the given reference.
First of all, we need to explain the crucial difference between nf = 2 and
higher nf , and the reason why the generalization is not a trivial task.
The residual symmetry, which was U(1) in the nf = 2 case, is now replaced
by SO(nf ) with nf = 3, 4, 5. All particles from the physical spectrum must
thus be classified according to representations of SO(nf ). One can argue that
for nf = 3, 4, 5 the Goldstone–Wilczek mechanism provides the Skyrmion with
an anomalous fermion number (and we shall see that this is the case). But
this is not enough to guarantee the stability. For nf odd, we face a problem.
This is due to the existence of the antisymmetric tensor εi1,i2,...,inf in SO(nf ).
Using this tensor, we can assemble nf composite fermions ψ in a combination
invariant under the flavor group SO(nf ), creating a baryonic final state. For nf
odd, this state would have the same quantum numbers as the Skyrmion, and
thus, we could conclude that the Skyrmion, being an object with mass ∝ n2
would decay into n composite fermions ψ with mass O(n0) in the flavor singlet
configuration. The anomalous fermion number, alone, does not imply the Z2
stability we are looking for.
An important role shall be played by the spin and statistics, and the topo-
logical WZNW term that determines it.
Let us briefly remember the situation in conventional QCD with fundamental
quarks, where everything is clearly understood. Also here there is an important
difference between nf = 2 and higher nf . To begin with, let us consider two
flavors, nf = 2. In this case, the low-energy chiral Lagrangian does not admit
the WZNW term, since π4(SU(2) = Z2 is not trivial. It does support Skyrmions,
however. After quantization, the Skyrmion quantum numbers (I, J) form the
following tower of possible values: (0, 0), (1/2, 1/2), (1, 1), (3/2, 3/2), etc. Here
I and J stand for isospin and spin, respectively. In the absence of the WZNW
term, Skyrmions can be treated as both bosons and fermions. This is due to
the fact that we may or may not add an extra sign in the field configurations
belonging to nontrivial maps of π4(SU(2)) (the mechanism first discovered in
[21]).
At nf ≥ 3, the choice of the Skyrmion statistics (i.e., boson vs. fermion)
becomes unambiguous. At nf ≥ 3, it is possible (in fact, necessary) to intro-
duce the WZNW term in the effective Lagrangian [16, 8]. This term, which is
absolutely essential in the anomaly matching between the ultraviolet (micro-
scopic) and infrared (macroscopic) degrees of freedom, is responsible for the
spin/statistics assignment for Skyrmions.
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A similar situation takes place in adjoint QCD. With two flavors, the WZNW
term does not exist since π4(SU(2)/U(1)) = Z2. Quantization [20] gives us two
possible towers of states: bosons and fermions. In the effective low-energy
theory, it is impossible to decide in which of the two towers the Skyrmion lies.
Only considering higher nf , and computing the impact of the WZNW on the
spin/statistic, we can answer this question. The answer will play a crucial role
in the explanation of the Skyrmion stability.
We shall find that the Skyrmions are stable since they are the only particles
with an odd relation between statistics and fermion number. Namely, Skyrmions
can be bosons with fermion number one or fermions with the vanishing fermion
number. Therefore, Skyrmions cannot decay to any final state consisting of
“normal” or “perturbative” particles.
As is well known [8], the SO(n) gauge theory with nf Weyl fermions in
the vectorial representation has the same as in Eq. (28) pattern of the global
symmetry breaking, and is also described by a nonlinear sigma model with the
target spaceMnf . Witten proposed [8] that the Skyrmions of this theory must
be identified with objects obtained by contracting the SO(n) antisymmetric
tensor εα1...αn with the color indices of the vectorial quarks and/or the gluon
field strength tensor (see Eqs. (66) and below). These objects are stable due
to the quotient symmetry Z2 = O(n)/SO(n), which acts as a global symmetry
group. We shall use this analogy to have a consistent picture, and check our
results.
The section is organized as follows. In 3.2.1, we describe in detail the low-
energy effective action, parametrization of the manifold Mnf , and introduce
a coupling to baryons ψ. In 3.2.4, we describe the relevance of our results
for another theory with the same global symmetry breaking pattern, SO(n)
QCD with nf Weyl fermions in the vectorial representation. In 3.2.5, we dis-
cuss the determination of the WZNW term and calculation of its coefficient
through the anomaly matching and describes the effect of the WZNW term on
the spin/statistics and fermion number of the Skyrmion. In 3.2.6, we discuss
an anomalous term responsible for the shift of the Skyrmion fermion number,
which, in turn, guarantees its stability.
3.2.1 Low-energy effective action
In order to generalize to the case nf > 2, one must express the coset (30) in a
way that makes “evident” the action of the SU(nf ) symmetry. In the case of
SU(2)/U(1), it was easy since using the representation with the unit vector ~n
makes evident how it transforms under SU(2) rotations. The fermion interaction
also follows easily (50). However, the nf = 2 case can be somehow misleading
for generalization to higher nf .
SU(2) can be represented as the sphere S3 in the four-dimensional vector
space generated by the identity and the Pauli matrices σi. Intersecting this
sphere with the hyperplane generated by the Pauli matrices, we get an S2 that
is in one-to-one correspondence with the coset space SU(2)/U(1). Moreover,
this intersection tells us exactly how the SU(2) symmetry acts on the coset; it is
the space {~n} of the unit vectors. Another possible way though, is to intersect
the space with the hyperplane of the symmetric matrices generated by 1, σ1, σ3.
This is again a sphere S2 and is again in one-to-one correspondence with the
coset manifold. There is no contradiction with the symmetry properties since
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for SU(2) the adjoint representation is equivalent to the two-index symmetric
and traceless representation. This is a consequence of equivalence between the
fundamental and the antifundamental representations in SU(2).
To generalize this construction to higher nf , we have to use the symmetric
matrices. The space we get is in one-to-one correspondence with the cosetMnf
and is an explicit realization of its symmetric properties under the action of
the SU(nf ) group. We have thus a two-index symmetric matrix that can be
saturated by the fermion bilinear ψaαψbβǫαβ.
The proper mathematical way to describe this is by using the Cartan em-
bedding. The general element of the quotient Mnf = SU(nf )/SO(nf ) can be
written in a compact form as U ·SO(nf ), where U is an SU(nf ) matrix (different
U in SU(nf ) corresponds to the same Mnf element, modulo a right product
with an arbitrary SO(nf ) element). The map
U · SO(nf )→W = U · U t , (56)
where the superscript t denotes transposition, is well-defined on the quotient
because for the SO(nf ) matrices the inverse is equal to the transposed matrix.
Equation (56) presents a one-to-one map betweenMnf and the submanifold of
the matrices of SU(nf ), which are both unitary and symmetric.
The Lagrangian of the Skyrme model with the target space Mnf can be
computed by evaluating the Lagrangian of the SU(nf ) Skyrme model on the
symmetric unitary matrix W ,
L = F
2
π
4
L2 + 1
e2
L4
≡ F
2
π
4
Tr
(
∂µW∂
µW †
)
+
1
e2
Tr
[
(∂µW )W
†, (∂νW )W
†
]2
. (57)
3.2.2 Gauged formulation
In the nf = 2 case, there are two ways to parametrize the target space S
2.
One can use a vector ~n subject to the constraint |~n| = 1. This is the so-called
O(3) formulation. Another approach is the zi formulation where it is possible
to express the Hopf charge (the charge of π3(S
2) = Z) as a local function of
the gauge field A. An equivalent local expression in terms of the ~n field is
impossible.
Generalization to higher nf is not achieved by extending the doublet to a
complex nf -plet. For nf = 2, this strategy works because SU(2) is equivalent
to the sphere S3. In order to generalize to higher nf , we need to start with an
SU(nf ) sigma model and then gauge an SO(nf ) subgroup. Let us consider the
exact sequence
. . .→ π3 (SO(k))→ π3 (SU(k))→ π3 (SU(k)/SO(k))→ π2 (SO(k))→ . . .
For every k, we have π2 (SO(k)) = 0. Therefore, every non-zero element of
π3 (SU(k)/SO(k)) can be lifted to a non-zero element of π3 (SU(k)) (for nf > 2
this lifting is not unique, as we will discuss below). Then we can calculate the
S3 winding number of the lifted 3-cycle, using the SU(nf ) result,
s = − i
24π2
∫
S3
Tr (U †dU)3 . (58)
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It is possible to present the topological winding number as an SU(nf ) Chern–
Simons current. Let us introduce
Aµ = iU †∂µU . (59)
Then
s =
1
8π2
∫
d3xK0, Kµ = ǫµνρσ Tr
(
Aν∂ρAσ − 2
3
iAνAρAσ
)
. (60)
As previously discussed, s is defined modulo 4 for nf = 3 and modulo 2 for
nf > 3, due to arbitrariness in the choice of U .
3.2.3 The Fermion interaction
Let us consider an SU(nf ) representative U of a quotient class in Mnf . The
SU(nf ) symmetry group acts on U as U → R · U . The action on the Cartan
embedding image (W = U · U t) is
W → R ·W · Rt . (61)
Due to this property, we can write down the fermion coupling for arbitrary nf
as
− g
2
{
W fgψαfψ
α
g + h.c.
}
. (62)
To the lowest order, the effective Lagrangian that includes both pions and
the fermions ψαa is
L = F
2
π
4
Tr (∂µW∂
µW †) + ψ¯fα˙i∂
α˙αψfα − g
2
{
W fgψαfψ
α
g + h.c.
}
. (63)
If we expand around the vacuum where W is given by the identity matrix,
the fermionic part of the Lagrangian is given by
Lferm = ψ¯fα˙i∂α˙αψfα − g
{
ψαf ψαf +H.c.
}
. (64)
Of course, there are interactions between these fermions and the Goldstone
bosons.
3.2.4 Skyrmions in SO(n) QCD
Now we consider another parental theory: SO(n) gauge theory with nf Weyl
quarks in the vectorial representation. Such a theory can be viewed as a
“parental” microscopic theory because it has the chiral symmetry breaking
SU(nf )× Z4nf → SO(nf )× Z2 , (65)
which, apart from the discrete factors, is the same as SU(n) Yang–Mills with
adjoint Weyl quarks, see Eq. (28).
The low-energy effective Lagrangian is again a nonlinear sigma model with
the target space Mnf . The “baryon number” symmetry, which rotates all
charge-1 Weyl quarks is also anomalous; the anomaly-free part is Z4nf . This
discrete symmetry is then broken down to Z2 by the fermion condensate.
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There are some differences from adjoint QCD. One of them is that the cou-
pling constant Fπ scales as n rather than n
2. This means, in turn, that now the
Skyrmion soliton is an object whose mass scales as n. Moreover, the fermion ψ
(see Eq. (37)) is absent in the spectrum.
The Skyrmion in the SO(n) theory had been already matched with the stable
particle construction in the microscopic theory. This identification belongs to
Witten [8]. He argued that the Skyrmion corresponds to the baryon constructed
of n quarks,
ǫα1α2...αnq
α1qα2 . . . qαn . (66)
As was discussed in Ref. [31], the gauge theory actually has an O(n) sym-
metry; the quotient Z2 = O(n)/SO(n) acts as a global symmetry group. All
particles built with the ǫα1α2...αn symbol are odd under this symmetry. This
means that the baryon (66) is stable under decay into massless Goldstone bosons
while two baryons can freely annihilate.
From Eq. (66), we can infer information about other quantum numbers of
the Skyrmion. Its Z2 fermion number is given by n modulo 2, and its flavor
representation is contained in the tensor product of n vectorial representations.
This is consistent with the computation carried out in conventional QCD (with
fundamental quarks) in Ref. [29].
By the same token, we can argue that there is a similar contribution to
the fermion number of the Skyrmion in adjoint QCD, which is proportional to
n2 − 1. As discussed in Sect. 3.2.6, the composite fermion ψ (which is absent
in the SO(n) theory) will give an extra contribution to the Skyrmion fermion
number, shifting it by one unit.
3.2.5 WZNW term
We can write the WZNW term for the Mnf sigma model (nf ≥ 3) by virtue of
evaluating the SU(nf ) Wess–Zumino–Novikov–Witten term on the symmetric
unitary matrices W introduced in Eq. (56). namely,
Γ = − i
240π2
∫
B5
dΣµνρσλTr
[
(W †∂µW ) · (W †∂νW )
· (W †∂ρW ) · (W †∂σW ) · (W †∂λW )
]
. (67)
In order to compute the WZNW term for the Mnf sigma model, we need to
take the result for SU(nf ) and restrict it to the submanifold of the unitary
symmetric matrices.
There is a subtle difference regarding the possible coefficients allowed for Γ
in the action. In the Lagrangian of the SU(nf ) sigma model, relevant for QCD
Skyrmions, the WZNW term must have just integer coefficient k,
L = L2 + k Γ + Higher order terms . (68)
This is due to the fact that the integral of this term on an arbitrary S5 sub-
manifold of SU(nf ) must be an integer multiple of 2π. In theMnf sigma model
relevant for adjoint QCD, we need to use the same normalization prescription.
The main difference is that if we integrate Γ on the minimal S5, which we
can build inside the SU(nf ) subspace of the symmetric Hermitian matrices, the
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result will be 4π rather than 2π, as we get for the generator of π5 (SU(nf )).
Therefore, if we restrict ourselves to this subspace it is consistent to also con-
sider half-integer values of k.
Let us gauge the U(1) subgroup generated by
Q =
 0 i 0−i 0 0
0 0 0
 . (69)
Let us take
Tκ1 =
 1 0 00 1 0
0 0 −2
 , (70)
which corresponds to the Goldstone boson π3. We then find
〈∂µJµκ1〉 =
n2 − 1
16π2
ǫκνλρFκνFλρ . (71)
At this point, we can match this value with the one found from the low-energy
theory. We obtain in this way that the coefficient in front of the WZNW term
is
k =
n2 − 1
2
. (72)
The crucial 1/2 factor comes from the fact that we consider a theory with the
Weyl fermions rather than Dirac fermions as is the case in QCD. Note that k is
half-integer for n even and integer for n odd.
Using the arguments discussed previously, it is straightforward to compute
the coefficient k of the WZNW term in the low-energy effective action. The
triangle diagram is completely similar to that in the adjoint QCD case. The
coefficient comes out different due to a different number of ultraviolet degrees
of freedom. The result is
k =
n
2
. (73)
It immediately follows that for n odd the Skyrmion is a fermion while for n even
it is a boson.
Next, we have to evaluate the WZNW term (67) on the rotation. The result
is two times larger than that we get in QCD,
Γ = 2π . (74)
With our conventions for the coefficient k, it can be an integer or half-integer,
depending on the number of colors n. k is half-integer for n even and an integer
for n odd. It immediately follows that the Skyrmion is quantized as a fermion
for n even and as a boson for n odd.
3.2.6 Skyrmion stability due to anomaly
This section is central for the understanding of the Skyrmion stability in the
microscopic theory.
In order to generalize to higher nf , one must consider the triangle anomaly
U(1)− SO(nf )− SO(nf ) .
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gauge trace
flavor current
flavor current
flavor current
Figure 12: The WZNW term is responsible for anomaly matching between the ultraviolet
(microscopic) theory and the low-energy effective Lagrangian (macroscopic description). The
anomalies in question are given by triangle graphs symbolically depicted in this figure, with
flavor currents in the vertices; they are blind with respect to the gauge indices. The only
information about the gauge structure comes from the trace in the loop.
The U(1) corresponds to the fermion number. For SO(nf ) we introduce an
auxiliary gauge field. The anomaly is
∂µJ
F0
µ =
1
16π2
Tr(Fµν F˜µν) =
1
8π2
∂µK
µ, (75)
where Fµν = F
k
µνT
k, with T k standing for the generators of SO(nf ) (with
Tr(TjTk) = δij), and Kµ is given in Eq. (60).
The net effect of the baryon ψ with mass O(n0) is to shift the Skyrmion
fermion number by one unit, without changing its statistics. For n odd, the
Skyrmion is a boson with an odd fermion number. For n even, it is a fermion
with an even fermion number. The relationship between the Skyrmion statistics
and fermion number is abnormal. In both cases, it is a Z2-stable object, because
in the “perturbative” spectrum the normal relationship between the fermion
number and statistics takes place.
4 Conclusion
In orientifold QCD, we faced the problem of matching the Skyrmion with the
right baryonic state. The minimal number of quarks, with which one can build
a particle with all quarks in the S-wave state, is n(n ± 1)/2. This ∼ n2 quark
particle is the stable state described by the Skyrmion. As for the n-quark
particles, they are unstable with respect to fusion of n species into one ∼ n2
quark state, with a release of energy in the form of pion emission.
In Section 2.4, we have made use of a certain graphical representation of
the baryons, in order to facilitate the construction, and the study, of the gauge
invariant wave functions. A graph is in general formed by two components: the
central elements and the lines that connect them. In the graphs previously used,
the quarks were the central elements, and the epsilon antisymmetric tensors were
the lines connecting the quarks.
Now we want to introduce a “dual” graph, where the central elements are the
epsilon antisymmetric tensors, or baryon vertices, and the lines are the quarks.
All the properties previously derived can also be easily re-derived also with this
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dual formulation. We shall conjecture that these graphs have also a physical
realization in string theory.
The graph for the simplest baryon Eq. 10 is given in Figure 13. The spheres
correspond to the baryon vertices, and the lines, n of them, correspond to the
quarks. The epsilon tensors have n indices, and this implies that n lines depart
from every baryon vertex. The quarks have two indices, and this corresponds
to the fact that a line in the graph connects two baryon vertices.
Figure 13: Graph of the simplest baryon. Two baryon vertices connected by n quarks.
The other important baryons are those identified with the Skyrmions of the
low-energy effective Lagrangian. In the case of the (S) representation, they
consist of n(n + 1)/2 quarks whose indices are saturated by n+ 1 epsilon ten-
sors. The number of quarks is exactly equal to the dimension of the two-index
symmetric representation; every quark is living in a different state of the rep-
resentation, and all the states are occupied. The graph is composed by n + 1
baryon vertices, each of them connected once and only once with every other
baryon vertex by a quark line. In Table 3, the right column corresponds to
the graphs for the baryon, respectively for n = 2 and n = 3. The important
A S
n = 2
n = 3
Table 3: Graphs of the Skyrmions.
property (Proposition 1), is that there is one and only one gauge wave function
that is a gauge singlet, and completely antisymmetric under the exchange of two
quarks. It can be easily understood from the use of these dual graphs. Every
30
baryon vertex is connected to each one of the n remaining baryon vertices by
one and only one quark. Two quarks connecting the same two baryon vertices
would spoil the required antisymmetric property.
In the case of the (A) representation, the Skyrmion consists of n(n − 1)/2
quarks whose indices are saturated by n − 1 epsilon tensors. The number of
quarks is exactly equal to the dimension of the two-index antisymmetric repre-
sentation. The (A) representation is given in the left column of Table 3 for n = 2
and n = 3. The main difference with respect to the symmetric representation
is that now the two indices of one quarks can be saturated in the same epsilon
tensor. In the graph, the epsilon tensor is a line that starts and finishes at the
same baryon vertex. In the case of n = 2, the quark is already a singlet of the
gauge group, and the baryon is the quark itself. In the case of n = 3, it is given
by Eq. (7. The important property (Proposition 2), is that there is one and only
one gauge wave function that is a gauge singlet and completely antisymmetric
under the exchange of two quarks. This wave function is composed by n − 1
baryon vertices, connected together by n(n− 1)/2 quarks Q[αβ]. Every baryon
vertex is connected to each one of the n remaining baryon vertices by one and
only one quark. In addition, every baryon vertex has a quark that starts and
ends on itself.
Now moving to the string theory side, let us start explaining what is the
baryon vertex in the prototype of gauge-gravity duality: N = 4 SU(n) SYM.
The string dual is Type IIB on AdS5 × S5 with n units of the RR flux passing
through the S5 sphere. The baryon vertex (see Figure 14) consists of a D5-
brane wrapped around the S5 sphere [31]. The essential fact is a Chern-Simons
AdS5
Time slice
F1-string
D5-brane
S5
Figure 14: Baryon vertex in the string dual of N = 4 SYM.
term on the low-energy effective action of the D5-brane
∫
d6xA∧G5 This is an
interaction between the bulk RR form and the gauge field living on the brane.
Integrating by part, it becomes
∫
d6xF ∧C4. This means that the RR form flux
acts as a source for the brane gauge field. In our case, the D5-brane is wrapped
on a compact manifold, and so the net charge for the gauge field must be zero.
The n units of the RR flux must then be compensated by n fundamental strings
ending on the brane. In the AdS5 side, the baryon vertex lies in the R = 0 line
(the IR), and the n strings that end from it have the other extremity on the UV
boundary, where eventually they meet a probe quark source.
The string realization of orientifold QCD, and its gauge-gravity dual, is
realized in the context of Type 0B string (see [32, 33] and reference therein3).
3In [34] there is a non-critical string realization.
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Here it is essential, in order to obtain the desired two-index representation for
the quarks, to introduce a particular kind of orientifold plane. when a string
crosses the orientifold, it changes the sign of its arrow and so it is possible to
reproduce a quark with two indices both in the fundamental, or both in the
antifundamental representation. The gravitational side of the duality has no
more orientifold plane; geometry keeps information about it. There are now
fermionic, unoriented strings and bosonic, oriented ones.4
The idea, for the moment just a conjecture, is that the dual graphs pre-
sented before, may be the realizations of the baryons in the dual orientifold
string theory. If the duality works, clearly the gravity side must have a concrete
realization of these baryonic states. The dual graphs, constructed out of baryon
vertices and quarks, have a natural realization in string theory. Every baryon
vertex should be a D5-brane wrapped in the internal space, and every quark
should be a fermionic, unoriented, string. The mechanism that selects the num-
ber of strings that can depart, or finish, on a baryon vertex, is still not clear.
In N = 4, this was just the flux of the RR form. Here it must be something
different, since fermionic strings are not oriented, and do not carry any flux. It
is an interesting problem, open for future research.
* * *
In the second part of the paper, we considered adjoint QCD. If the number of
flavors is greater than one, we have a continuous chiral symmetry breaking and a
low-energy effective Lagrangian with target spaceMnf = SU(nf )/SO(nf ). This
Lagrangian supports topologically stable Skyrmions, much in the same way of
ordinary QCD. The third homotopy groups of the coset space, summarized in
Table 1, are nontrivial for all the values of nf .
From the point of view of the low-energy effective Lagrangian, the Skyrmion
is a topologically stable particle and belongs, at all rights, to the spectrum
of the theory. In the large n limit, this effective theory becomes more and
more weakly coupled, and thus we are tempted to believe its prediction. But
confronting ourselves with the microscopic description (adjoint QCD), we face
many challenging questions.
First of all, at the contrary of ordinary QCD and orientifold QCD, we now
do not have a conserved baryon number that could be associated with the topo-
logical current of the effective Lagrangian. We have a global U(1) symmetry,
but it is broken by the anomaly and furthermore by the condensate λλ. Not
only do we not have a microscopic object, like an operator made out of Fµν and
λ, to be matched with the Skyrmion, but we also do not have any apparent sim-
ple explanation for its stability. We are thus faced with the following questions.
Is the Skyrmion an artifact of the effective Lagrangian or a real particle that is
part of the spectrum of the theory? And if it is stable, what are the conserved
charges that prevents it from decaying into lower excitations?
A good way to start is to take a look at a different theory, SO(n) gauge theory
with nf quarks in the vectorial representation, which shares the same χSB and
so the same effective Lagrangian with adjoint QCD. More is already known
about the Skyrmions in the SO theory. As suggested in [8], the Skyrmion is not
an artifact of the low-energy effective Lagrangian. It is part of the spectrum
4I thank A. Armoni for elucidations on this point.
32
and should be identified with the baryon ǫα1...αnq
α1 . . . qαn . Note that now we
deal here with the Z2 stability: a composite state built of two Skyrmions is
not stable. This is in agreement with the fact that π3(Mnf ) = Z2 for nf ≥ 3.
The reason for the Skyrmion stability is due to Z2 = O(nc)/SO(nc) or, say in
a more algebraic way, is necessary to have two epsilon tensor in order to write
them a as a sum and product of deltas. This means that Skyrmions (with mass
∼ n) can decay into mesons (mass ∼ n0), only if they annihilate in couples.
A Skyrmion alone is absolutely stable. Although we do not expect the same
microscopic interpretation for adjoint QCD, this parental theory suggests to us
that the Skyrmion is not an artifact but has a Z2 stability of some sort.
We started facing the problem with the lowest number of flavors nf = 2.
In this case, the low-energy is a M2 = SU(2)/U(1) = S2 sigma model. The
Skyrmion of this theory is a knot type soliton and can be interpreted as a closed
vortex, stabilized by a twist of the internal U(1) modulus. The topological
current cannot be written in pure S2 variables. We need to consider the full
SU(2) three sphere with the U(1) gauged. The Skyrmion current corresponds
to a Chern-Simons term for this U(1).
Now we remember that the global U(1) flavor symmetry, equivalent to the
fermion number, although broken by the anomaly and λλ, has a residual un-
broken Z2. This will be crucial in the quest for stability. For all “ordinary”
hadrons that can be produced from the vacuum by local currents, determina-
tion of (−1)F is straightforward. If we classify the states according to this (−1)F
fermion number and the (−1)Q parity, where Q is the U(1) symmetry remnants
of the flavor SU(2), all the perturbative particles are (+1,+1) or (−1,−1).
Another crucial aspect is that for adjoint QCD, unlike all the previously
considered theories, there is a hadron carrying baryon number (in the (−1)F
sense ) with mass∼ n0 that does not grows with n. The simplest operator we can
construct is made out of one fermion and one gauge tensor: ψβ f ∝ Tr
(
λαf Fαβ
)
.
We argued that this baryon, the lowest fermionic excitation that carries a baryon
number, should included in the effective Lagrangian, in order to find the correct
quantum numbers of the Skyrmion.
We argued that the Skyrmions are exotic in the sense that they have an
induced fermion number coinciding with the Hopf number, so that unlike all
“ordinary” hadrons they are characterized by negative (−1)Q+F . This is the un-
derlying reason explaining their stability. The Hopf Skyrmion can have charges
Q and F , respectively, 0 and 1, if there is no fermion zero mode crossing in
the process of evolution from the topologically trivial background to that of the
Hopf Skyrmion, or 1 and 0 if there is a fermion zero mode crossing. In both
cases, the lightest exotic hadrons represented by the Hopf Skyrmion are sta-
ble. They cannot decay in any number of pions and/or pions plus “ordinary”
baryons with mass O(n0). Note that this is a Z2 stability. Two Hopf Skyrmions
can annihilate and decay into an array of π ’s and ψ’s. For nonexotic hadron
excitations which can be seen in a constituent model and have mass O(n0), the
combination Q + F is always even, while for exotic hadrons with mass O(n2)
the sum Q+ F is odd.
Unlike the “pion” part of the Lagrangian, unambiguously fixed by symme-
tries, the “hadron” part (50) does not seem to be unique. Indeed, the theory
under consideration has infinitely many fermionic interpolating operators. For
example, any operator of the type Tr(λ . . . λF . . .) with an odd number of λ’s
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represents a baryon. One could pose the question of completeness. We would
like to claim that the Lagrangian (50) is complete in the sense that it captures all
relevant dynamics to answer the question we pose (the quantum numbers of the
Skyrmions), there is no need to include in it additional baryon operators. The
point is that any other baryons with mass O(n0) (which are necessary unstable
particles, resonances) have a projection on the operator (37). The inclusion of
additional baryon terms would have no impact on our result since they would
not change the anomaly.
We then advanced the results that had been obtained previously to three or
more flavors.
The generalization is not a trivial task. The residual symmetry that was
U(1) in the nf = 2 case is now replaced by SO(nf ) with nf = 3, 4, 5. For nf
odd we face a problem. This is due to the existence of the antisymmetric tensor
εi1,i2,...,inf in SO(nf ). Using this tensor, we can assemble nf composite fermions
ψ in a combination invariant under the flavor group SO(nf ), creating a baryonic
final state. For nf odd, this state would have the same quantum numbers as
the Skyrmion, and thus, we could conclude that the Skyrmion, being an object
with mass ∝ n2c would decay into nf composite fermions ψ with mass O(n0c)
in the flavor singlet configuration. The anomalous fermion number, alone, does
not imply the Z2 stability we are looking for.
An important role is now played by the spin and statistics and the topological
WZNW term that determines it. At nf ≥ 3, the choice of the Skyrmion statistics
(i.e., boson vs. fermion) becomes unambiguous. At nf ≥ 3, it is possible (in
fact, necessary) to introduce the WZNW term in the effective Lagrangian [16,
8]. This term, which is absolutely essential in the anomaly matching between
the ultraviolet (microscopic) and infrared (macroscopic) degrees of freedom, is
responsible for the spin/statistics assignment for Skyrmions.
We find that the Skyrmions are stable since they are the only particles with
an odd relationship between statistics and fermion number. Namely, Skyrmions
can be bosons with fermion number one or fermions with the vanishing fermion
number. Therefore, Skyrmions cannot decay to any final state consisting of
“normal” or “perturbative” particles: pions and other similar mesons or baryons
of the type (37).
The underlying (microscopic) reason for the Skyrmion stability is an odd
relationship between the Skyrmion statistics and its fermion number. For nc
odd, the Skyrmion is a boson with an odd fermion number. For nc even, it is a
fermion with an even fermion number.
Our analysis is valid at large nc. Something peculiar happens when we leave
the large-nc limit and go to small nc. SU(nc) adjoint QCD for nc = 2 and the
SO(nc) gauge theory with vector quarks for nc = 3 are in fact one and the same
theory. The SO(nc) description in this particular case is better. In this case,
the fermion ψ coincides with the Pfaffian, ǫabcq
aF bc; therefore, it does not make
sense to introduce it as another independent degree of freedom.
An interesting issue that remain to be clarified is whether or not the flux
tubes supported by the chiral Lagrangian are related to confining strings of the
underlying microscopic gauge theory. Note in fact that π2(SU(nf )/SO(nf )) =
Z2 for nf ≥ 3. This fact implies that the sigma model does indeed support flux
tubes. These flux tubes are Z2-stable, i.e., a pair of them can annihilate. The
microscopic theory analyzed by Witten [8, 31, 30] was O(nc) gauge theory, with
quarks in the vector representation of O(nc). His argument, based on the fact
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that an external probe quark in the spinor representation of O(nc) cannot be
screened by dynamical quarks in the vector representation, was to identify these
strings with the ones that confines spinorial probe quark. Now we know that
one and the same pattern of the chiral symmetry breaking takes place in the
O(nc) gauge theory with quarks in the vector representation and SU(nc) gauge
theory with quarks in the adjoint representation. However, Witten’s argument
is totally inapplicable in the latter case. Indeed, in this microscopic theory
a probe quark with any number of, say, upper indices Qi1 ... in and no lower
indices cannot be screened by adjoint dynamical quarks. Strings of any n-ality,
up to [nc/2], are stable. (Here [...] stands for the integer part.) This tells
us that the Z2-strings supported by the chiral low-energy theory are unrelated
to the confinement strings of the corresponding microscopic theories. What
phenomenon do they describe?
Our analysis of the adjoint Skyrmion is not as complete as the one of the ori-
entifold one. In the latter case, we have a clear understanding of the Skyrmion,
both from the effective low-energy Lagrangian, as a soliton, and from the micro-
scopic theory, as a baryon operator. Our identification has many, independent
arguments in favor of it. In the adjoint QCD case, the Skyrmion analysis is
restricted to the low-energy Lagrangian. We found a reason to believe that the
stability of this object is a true feature of the fundamental theory, and not an
artifact of the low-energy approximation. We still do not have a clear under-
standing of what this particle represent in the microscopic theory. It could be a
non-local object, that is not possible to write as a local combination of operators
acting on the vacuum. This is certainly one issue that has to be clarified in the
future.
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